Introduction
Porous media are used to transport and store energy in many industrial applications such as heat pipe, solid matrix heat exchangers, electronic cooling, and chemical reactors. For a solar collector with air or water as the working fluid, a porous medium can provide an effective means for thermal energy storage. During the period of charging and recovery, transient thermal response aspects of the process for the packed bed are of major concerns.
Local thermal equilibrium ͑LTE͒ and local thermal nonequilibrium ͑LTNE͒ models are the two primary ways for representing heat transfer in a porous medium. Although LTE model is more convenient to use, more and more studies have suggested that LTE model is not valid for some problems such as storage of thermal energy, or heat transfer in porous media with internal heat generation. In these cases, the LTNE model should be used for solid and fluid phases in porous media ͓1-3͔.
Many studies have focused on the transient flow and heat transfer in porous media. Schumann ͓4͔ presented an early analytical solution for transient temperature distribution of a semi-infinite porous prism that is initially at a uniform temperature and the sides of the prism were adiabatic. Using a LTNE model, in which the diffusion terms in both the transverse and axial directions were neglected, the fluid and solid temperatures were found as a function of the axial position and time. Riaz ͓5͔ investigated the transient response of packed bed thermal storage system, and compared the analytical solutions obtained from simplified LTE and LTNE models, in which Schumann results were used and the transient term in fluid phase was ignored. It is obvious that the transient term in fluid phase should be considered for many types of applications. Spiga and Spiga ͓6͔ analytically investigated the dynamic response of porous media and packed beds systems to an arbitrary time varying inlet temperature using a LTNE model, in which the diffusion terms in both the transverse and axial directions were neglected. The temperature responses for step, ramp, and periodic varying inlet temperatures were discussed.
Using a perturbation technique, Kuznetsov ͓7͔ presented interesting and important aspects of the temperature difference between solid and fluid phases in a semi-infinite packed bed based on a LTNE model, in which the diffusion terms in transverse directions in both the fluid and solid phases were neglected. Kuznetsov ͓7͔ established that the temperature difference between the fluid and solid phases forms a thermal wave localized in space. Using the same technique, Kuznetsov ͓8͔ presented an analytical solution for a packed bed subject to a constant temperature condition at the walls, in which the dimensionless solid phase temperature was considered to differ from the fluid phase temperature by a small perturbation. It was shown that the transient component of the temperature difference between the fluid and solid phases describes a wave propagating in the axial direction from the fluid inlet boundary.
Hendal et al. ͓9͔ presented an analytical solution for the transient thermal behavior of a two dimensional circulating porous bed based on a LTE model. Their findings showed that the temperature propagates throughout the bed in a wavelike form and approach steady state results for large values of time. Beasley and Clark ͓10͔ developed a numerical model to predict the transient response of a packed bed based on the LTNE model, in which the diffusion terms in both the transverse and axial directions in the solid phase were neglected. Their numerical results compared favorably with the experimental measurement of temperature distribution in a packed bed of uniform spheres with air as working fluid. Amiri and Vafai ͓3͔ presented a comprehensive investigation of the transient response within a packed bed. The temporal impact of the non-Darcian terms and the thermal dispersion effects on energy transport were investigated, and the range of the validity for LTE condition was established in detail.
In the present work, the LTNE model is employed to represent the energy transport within a porous medium. Two primary types of heat flux bifurcations in porous media are investigated for tem-poral conditions. Heat transfer performances in terms of the fluid, solid, and total Nusselt number are presented. Qualitative analyses of the effects of thermal conduction at the wall on the total heat exchange between the solid and fluid phases within the heat flux bifurcation region are also performed. Both the transient and diffusion aspects are considered in the solid and fluid phases along with the convection and the fluid-solid interaction. The analytical solution for transient response of a packed bed subject to a constant temperature boundary condition is derived. The heat flux bifurcation phenomenon in porous media is investigated for temporal conditions, and the analytical two-dimensional thermal behavior and the LTE model is examined under transient conditions. Furthermore, the response time toward steady state conditions is investigated.
Modeling and Formulation
The schematic diagram of the problem is shown in Fig. 1 . Fluid flows through a rectangular channel filled with a porous medium subject to a constant temperature boundary condition. The height of the channel is 2H and the temperature at the wall is T w . The following assumptions are invoked in the analyzing this problem.
͑1͒
The flow is incompressible and represented by the Darcian flow model. ͑2͒ Natural convection and radiative heat transfer are negligible. ͑3͒ Axial heat conduction in both the solid and fluid phases are negligible. ͑4͒ Properties such as specific heat, density, and thermal conductivity, as well as porosity are assumed to be constant.
Governing Equation and
Boundary and Initial Conditions. Based on these assumptions, the following governing equations are obtained from the work of Amiri and Vafai ͓3͔ employing the local thermal nonequilibrium model. Fluid phase
Boundary conditions
Initial conditions 
Substituting Eqs. ͑6͒ and ͑7͒ into Eqs. ͑1͒ and ͑2͒ along with the boundary conditions and applying the separation of variables and Laplace transformation yield
where
where W sn and W fn are the Laplace transformations of U sn and U fn , respectively, given by
Solving Eqs. ͑11͒ and ͑12͒ yields
͑15͒
By utilizing inverse Laplace transform, U sn and U fn are obtained as Transactions of the ASME
where Q͑͒ is the unit step function,
By substituting Eqs. ͑16͒ and ͑17͒ in Eqs. ͑8͒ and ͑9͒, the final resulting solutions for Eqs. ͑1͒, ͑2͒, ͑3a͒-͑3c͒, and ͑4͒ are obtained as
The average temperature can be calculated from
Substituting Eqs. ͑19͒ and ͑20͒ into Eqs. ͑21͒ and ͑22͒ yields
2.3 Steady State Solution. The governing equations for steady state conditions can be obtained from Eqs. ͑1͒ and ͑2͒ by deleting the transient term. This results in
and the average temperature under steady state conditions are obtained as
2.4 Solution for the Case Without the Convective Term in the Fluid Phase. The governing equations for the case without the convective contribution in the fluid phase can be obtained from Eqs. ͑1͒ and ͑2͒. This results in
The average temperatures for the case without the convective contribution in the fluid phase are obtained as 
Results and Discussion
The dimensionless temperature distributions for the fluid and solid phases are shown in the Fig. 2 . When is small, the temperature distribution is mainly dependent on the initial condition. However, when is large enough, the temperature distribution is primarily dependent on the inlet condition. Although the temperature difference between the fluid and solid phases is relatively small when steady state conditions are reached, it is relatively large compared with the fluid and solid temperatures during the transient process. These results show that the LTE model might be unsuitable to describe the transient heat transfer process in porous media. This figure also discloses that the thermal boundary layer grows as increases, which indicates a substantial twodimensional thermal characteristic.
It is important to note that the direction of the temperature gradient for the fluid and solid phases are different at the wall Figs. 2͑c͒ and 2͑d͒ . This leads to a heat flux bifurcation around these times. The concept of temperature gradient bifurcation in the presence of internal heat generation in both the fluid and solid phases has been established in detail for the first time by Transactions of the ASME Yang and Vafai ͓11͔. Utilizing the analytical solutions given in Eqs. ͑19͒ and ͑20͒, the region over which heat flux bifurcation phenomenon occurs is established and illustrated in Fig. 3 . It is found that this phenomenon occurs only over a given axial region at a given time frame. The bifurcation region moves downstream as increases, and is dependent on the pertinent parameters k, ␤, and in . When k, ␤, and in decrease, the bifurcation region moves forward at a faster rate. It should be noted that bifurcation phenomenon only occurs during the transient period. Fig. 6 . It is found that there is a peak for the temperature difference at a given , and that the peak moves downstream as time progresses. For unsteady flow of a gas through a porous medium, Vafai and Sozen ͓13͔ utilized the maximum difference between the solid and fluid phase temperatures to establish the validity of local thermal equilibrium assumption. It was found that the local thermal equilibrium assumption becomes more viable as both the Darcy and particle Reynolds numbers decrease. They had shown that a decrease in the Darcy number translates into a decrease in the particle diameter, which results in an increase in the specific surface area ͑␣͒, thus increasing the fluid-to-solid heat transfer interaction by offering a larger surface area. Furthermore, as the fluid velocity increases the time for the solid-to-fluid heat exchange interaction decreases, resulting in a decrease in the efficiency of heat exchange between the solid and fluid phases, thus increasing the deviation from the local thermal equilibrium. Similarly here based on the definition of given in Eq. ͑5͒, an increase in the specific surface area ͑␣͒ and a decrease in the fluid velocity can be translated into an increase in . As such the temperature difference between the solid and fluid phases becomes smaller at larger value of , as can be seen in Fig. 6 are achieved, respectively. The characteristic times for solid and fluid phases to reach steady state are shown in Fig. 7 . As can be seen, the characteristic time for the solid is always larger than that for the fluid phase. It can also be seen that the characteristic times increase as k, ␤, 1 , or in increase. It is found that the characteristic times remain almost unchanged with k at any given when k Ͻ 1. This is due to the negligible influence of the fluid thermal conduction.
Nusselt Number Results
The Nusselt numbers for fluid and solid phases can be presented as
͑36͒
The Nusselt numbers for fluid and solid phases are presented along the axial coordinate in Fig. 8 . It can be seen that the Nusselt numbers approach infinity at a specific axial location at any given time up to approximately when the steady state conditions are reached. It is also found that, far enough downstream of the entrance, the Nusselt number becomes invariant with position. This phenomenon occurs when the dimensional wall temperature value is within the range specified by the initial and inlet temperature values. This is the reason why this phenomenon did not occur in the work of Amiri and Vafai ͓3͔. In their work, the wall temperature was larger than the entrance and the initial temperature. As By utilizing Eqs. ͑37͒-͑40͒, the following equations is obtained:
As such the dimensionless fully developed temperature distributions, ͑T fs_d − T w ͒ / ͑T fs_d a − T w ͒ and ͑T ss_d − T w ͒ / ͑T ss_d a − T w ͒, become independent of the axial length when condition given by Eq. ͑39͒ is achieved. By utilizing Eqs. ͑37͒-͑39͒, the fully developed Nusselt numbers for fluid and solid phases under steady state condition are obtained as
Defining a total Nusselt number, which is the sum of Nu f and Nu s , we obtain Nu ts_d = Nu fs_d + Nu ss_d = 4 1 2 2 k͑ 2 + 4 1 2 ͒ + 2
͑44͒
As can be seen, the total fully developed Nusselt number under steady state condition increases with 1 , which is directly related to the Biot number, and decreases with the thermal conductivity ratio, k. 
Two Primary Types of Heat Flux Bifurcations in Porous Media
In what follows, we demonstrate the existence of two types of heat flux bifurcations in porous media. The first type is the same as the one discussed by Yang and Vafai ͓11͔. For the second type of heat flux bifurcation, we start with representation of the total heat flux at the wall as
The dimensionless total heat flux at the wall is obtained from
͑46͒
The dimensionless total heat flux at the wall for k = 0.1, ␤ = 0.02, 1 = 5, and in = −0.4 is shown in Fig. 9 . It is found that the direction of total heat flux changes along the channel. This leads to a different type of heat flux bifurcation. This bifurcation must be taken into account for various applications, where there is a need to maintain a constant temperature boundary condition. As shown in Fig. 10 , the total heat flux bifurcation region changes with time, and is dependent on the pertinent parameters k, ␤, 1 , and in . It should be noted that this type of bifurcation phenomenon only occurs during the transient process. The interface line between the regions ⍀ w Ͼ 0 and ⍀ w Ͻ 0 represents the location for ⍀ w = 0, which moves downstream with time. The speed, which the bifurcation region moves downstream, increases as either k, ␤, 1 , or in decreases. When q w = 0, the heat exchange between the solid and fluid phases through thermal conduction at the wall is obtained from
The integrated internal heat exchange between the solid and fluid phases can be calculated from
The corresponding heat exchange ratio is defined as
The heat exchange ratio variations as a function of parameters exchange between solid and fluid phases through the thermal conduction at the wall is more prominent for small 1 and large k. When 1 = 1 and k = 10, up to 68% of total heat exchange between solid and fluid phases within the bifurcation region is through thermal conduction at the wall. It should be noted that the temporal variations of the heat exchange ratio displays two distinct regimes. During the initial stage, the heat exchange ratio decreases sharply with time, while for the later stage, the heat exchange ratio remains almost unchanged. When q w 0, for the region where the first type of heat flux bifurcation occurs, the heat exchange between the solid and fluid phases through the thermal conduction at the wall can be represented as
The corresponding heat exchange ratio for q w 0 is also calculated using Eq. ͑49͒, and shown in Fig. 12 . The dashed line in Fig.  12 represents the maxima loci of the heat exchange ratio. Comparing Figs. 10͑a͒, 11͑b͒, and 12, it is found that this dashed line is identical to the corresponding curve for k = 0.1 shown in Fig.  11͑b͒ , which implies that the heat exchange ratio for q w 0 is always smaller than the corresponding one for q w =0.
As an example, the dimensional characteristic time was calculated for sandstone while the working fluid is air. The following physical data were used: T in = 300 K, The particle Reynolds number is defined as
The interstitial heat transfer coefficient is expressed as ͓2͔ 
The interfacial area per unit volume of the porous medium is calculated as
The effective thermal conductivity of the fluid and solid phases of porous media are represented by
It can be seen from Fig. 13 that increasing Re p can reduce the dimensional characteristic time for both the fluid and solid phases. However, the correlation between the dimensional characteristic time and Re p is nonlinear.
Conclusions
Transient heat transfer in a packed bed subject to a constant temperature boundary condition is investigated analytically. A transient LTNE model, which incorporates diffusion in both the solid and fluid phases, is employed to represent heat transport. Exact solutions for transient solid and fluid temperature distributions, as well as steady solid and fluid temperature distributions, are derived. Exact solutions of fluid, solid, and total Nusselt number for fully developed region under steady state condition are also obtained. The results show a substantial two-dimensional thermal behavior for the solid and fluid phases, and the LTE model is found to be unsuitable to describe the transient heat transfer process in porous media. The phenomenon of heat flux bifurcation for the solid and fluid phases at the wall is found to occur over a given axial region at a given time frame. Heat flux bifurcation is also found to occur along the channel. The bifurcation region moves downstream with time and is dependent on the pertinent parameters k, ␤, and in . The nondimensional axial length scale, , introduced earlier can be used to represent the indirect integrated influences of Darcy and particle Reynolds numbers on the temperature difference between the solid and fluid phases. Thermal conduction at the wall is found to play an important role on the total exchange between the solid and fluid phases within heat flux bifurcation region, especially for small 1 and large k. When Ͼ / ␤, it is found that the heat transfer can be described using the LTNE model with no convection in the fluid phase energy equation. A characteristic time is introduced to evaluate the time that it takes for either the solid or fluid to reach steady state. This characteristic time is found to increase with an increase in k, ␤, 1 , or in .
